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Abstrat
Quaternion Dira equation has been analysed and its supersymetriza-
tion has been disussed onsistently. It has been shown that the quater-
nion Dira equation automatially desribes the spin struture with its
spin up and spin down omponents of two omponent quaternion Dira
spinors assoiated with positive and negative energies. It has also been
shown that the supersymmetrization of quaternion Dira equation works
well for dierent ases assoiated with zero mass, non zero mass, salar po-
tential and generalized eletromagneti potentials. Aordingly we have
disussed the splitting of supersymmetrized Dira equation in terms of
eletri and magneti elds.
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1 Introdution
Symmetries are one of the most powerful tools in theoretial physis. The two
omponent formulation of omplex numbers, and the nonommutative algebra
of quaternions, are possibly the two most important disoveries in mathemat-
is. Quaternions were very rst example of hyper omplex numbers having the
signiant impats on mathematis & physis [1℄ . Beause of their beautiful
and unique properties quaternions attrated many to study the laws of nature
over the eld of these numbers. Quaternions are already used in the ontext
of speial relativity [2℄, eletrodynamis [3, 4℄, Maxwell's equation [5℄, quantum
mehanis [6, 7℄, Quaternion Osillator [8℄, gauge theories [9, 10℄ , Supersym-
metry [11℄and many other branhes of Physis [12℄ and Mathematis [13℄. On
the other hand supersymmetry (SUSY) is desribed as the symmetry of bosons
and fermions [14, 15, 16℄. Gauge Hierarhy problem, not only suggests that the
SUSY exists but put an upper limit on the masses of super partners [17, 18℄. The
exat SUSY implies exat fermion-boson masses, whih has not been observed
so far. Hene it is believed that supersymmetry is an approximate symmetry
and it must be broken [19, 20℄. We have onsidered following two motivations
to study the higher dimensional supersymmetri quantum mehanis [21℄ over
the eld of Quaternions.
1. Supersymmetri eld theory an provide us realisti models of partile
physis whih do not suer from gauge hierarhy problem and role of quaternions
will provide us simplex and ompat alulation aordingly.
2. Quaternions super symmetri quantum mehanis an give us new window
to understand the behavior of supersymmetri partners and mehanism of super
symmetry breaking et.
3. Quaternions are apable to deal the higher dimensional struture and
thus inlude the theory of monopoles and dyons [22, 23℄.
Keeping these fats in mind and to observe the role of quaternions in super-
symmetry, we have developed the quaternion Dira equation parallel to Dira
Pauli representation.It has been shown that the quaternion Dira equation au-
tomatially desribes the spin struture with its spin up and spin down ompo-
nents of two omponent quaternion Dira spinors assoiated with positive and
negative energies. We have obtained the free partile solutions of quaternion
Dira equation for quaternion, omplex and real spinor representations. It has
been shown that one omponent quaternion valued Dira spinor is isomorphi
to two omponent omplex spinors or four omponents real representation. It
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has also been shown that the supersymmetrization of quaternion Dira equation
works well for dierent ases assoiated with zero mass, non zero mass, salar
potential and generalized eletromagneti potentials. Aordingly we have dis-
ussed the splitting of supersymmetrized Dira equation in terms of eletri and
magneti elds. Aordingly, the super harges are alulated in all ases and it
is shown that the Hamiltonian operator ommutes with the super harges and
the relations between the Shroedinger Hamiltonians and Dira Hamiltonians
are disussed in terms of super harges for dierent ases.
2 Denition
A quaternion φ is expressed as
φ = e
0
φ0 + e1φ1 + e2φ2 + e3φ3 (1)
Where φ0, φ1, φ2, φ3 are the real quartets of a quaternion and e0, e1, e2, e3 are
alled quaternion units and satises the following relations,
e20 = e0 = 1,
e0ei = eie0 = ei(i = 1, 2, 3),
eiej = −δij + εijkek(i, j, k = 1, 2, 3), (2)
where δij is the Kroneker delta and εijk is the three index Levi- Civita symbols
with their usual denitions. The quaternion onjugate φ¯ is then dened as
φ¯ = e
0
φ0 − e1φ1 − e2φ2 − e3φ3 (3)
Here φ0is real part of the quaternion dened as
φ0 = Re φ =
1
2
(φ¯+ φ) (4)
If Re φ = φ0 = 0 , then φ = −φ¯ and imaginary φ is alled pure quaternion and
is written as
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Im φ = e1φ1 + e2φ2 + e3φ3 (5)
The norm of a quaternion is expressed as
N(φ) = φ¯φ = φφ¯ = φ20 + φ
2
1 + φ
2
2 + φ
2
3 ≥ 0 (6)
and the inverse of a quaternion is desribed as
φ−1 =
φ¯
|φ| (7)
While the quaternion onjugation satises the following property
(φ1φ2) = φ¯2φ¯1 (8)
The norm of the quaternion (6) is positive denite and enjoys the omposition
law
N(φ1φ2) = N(φ1)N(φ2) (9)
Quaternion (1) is also written as φ = (φ0,
−→
φ ) where
−→
φ =e1φ1 + e2φ2 + e3φ3 is
its vetor part and φ0is its salar part. The sum and produt of two quaternions
are
(α0,
−→α ) + (β0,−→β ) = (α0 + β0,−→α +−→β )
(α0,
−→α ) (β0,−→β ) = (α0β0 −−→α .−→β , α0−→β + β0−→α +−→α ×−→β ) (10)
Quaternion elements are non-Abelian in nature and thus represent a division
ring.
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3 Quaternion Dira Equation
Let us dene respetively the spae-time four vetor, momentum four vetor
and four dierential operator as quaternion in the following manner on using
natural units c = ~ = 1 and i =
√−1through out the text;
x = e1x1 + e2x2 + e3x3 + x4 = −i t+ e1x1 + e2x2 + e3x3, (11)
p = e1p1 + e2p2 + e3p3 + p4 = −i E + e1p1 + e2p2 + e3p3, (12)
⊡ = e1∂1 + e2∂2 + e3∂3 + ∂4 = −i ∂
∂t
+ e1
∂
∂x1
+ e2
∂
∂x2
+ e3
∂
∂x3
. (13)
We may dene aordingly the quaternion onjugate of these physial quantities
as follows;
x = −e1x1 − e2x2 − e3x3 + x4 = −i t− e1x1 − e2x2 − e3x3, (14)
p = −e1p1 − e2p2 − e3p3 + p4 = −i E − e1p1 − e2p2 − e3p3, (15)
⊡ = −e1∂1 − e2∂2 − e3∂3 + ∂4 = −i ∂
∂t
− e1 ∂
∂x1
− e2 ∂
∂x2
− e3 ∂
∂x3
. (16)
Using the quaternion multipliation rule (2) we may write the norm of the above
quaternion valued four vetors as
xx = xx = x21 + x
2
2 + x
2
3 + x
2
4 = x
2
1 + x
2
2 + x
2
3 − t2 (17)
pp = pp = p21 + p
2
2 + p
2
3 + p
2
4 = p
2
1 + p
2
2 + p
2
3 − E2 (18)
⊡⊡ = ⊡⊡ = ∂21 + ∂
2
2 + ∂
2
3 + ∂
2
4 =
∂2
∂x21
+
∂2
∂x22
+
∂2
∂x23
− ∂
2
∂t2
. (19)
Equation ( 19) an also be related with the D'Alembertian operator in the
fallowing manner i.e.
 = ⊡⊡ = ⊡⊡ =
∂2
∂x21
+
∂2
∂x22
+
∂2
∂x23
− ∂
2
∂t2
= − ∂
2
∂t2
+ ▽2. (20)
As suh we may write the quaternion form of the Klein Gordon equation as
follows,
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(−m2)φα = (⊡⊡−m2)φα = (⊡⊡−m2)φα = 0 (α = 0, 1, 2, 3) (21)
where φαare the omponents of quaternion salar eld ( 1). Now we may de-
sribe the quaternion form of Dira equation from the following Shrodinger
equation
ĤDψ = i
∂ψ
∂t
(22)
where
ĤD =
3∑
l=1
αlpl + βm (23)
and α and β are the arbitrary oeients and thus satisfy the following prop-
erties in order to obtain the Klein Gordon equation (21) i.e.
α2l = 1; β
2 = 1(l = 1, 2, 3);
αlβ + βαl = 0; αlαm + αmαl = 0 (24)
along with the following properties to maintain the Hermitiity of Dira Hamil-
tonian given by equation (22) i.e.;
H
†
D = HD ⇒ α†l = αl; β† = β (25)
Thus, we may dene 2 × 2 quaternion valued α and β matries satisfying the
properties (24,25)as follows [24℄ i.e.
αl =
[
0 iel
iel 0
]
; β =
[
1 0
0 −1
]
(26)
where the quaternion basis elements el satisfy the properties given by equation
(2). We may now introdue the plain wave solution of Dira equation
6
(3∑
l=1
αlpl + βm)ψ = E ψ (27)
as
ψ (x, t) = ψeipµx
µ
(28)
where ψ is the quaternion valued Dira spinor given by
ψ = ψ0 + e1ψ1 + e2ψ2 + e3ψ3 (29)
and may be deomposed as ψ =
[
ψa
ψb
]
=

ψ0
ψ1
ψ2
−ψ3
 as the two or four ompo-
nents Dira spinor assoiated with the sympleti representation of quaternion
as ψ = ψa + e2ψbin terms of omplex and aordingly ψa = ψ0 + e1ψ1 and
ψb = ψ2 − e1ψ3over the eld of real number representations. In other words we
an write one omponent quaternion valued Dira spinor whih is isomorphi
to two omponent omplex spinors or four omponents real representation. In
desribing the theory of Dira equation it is ustomary to take the Dira spinor
as the four omponent spinors with omplex oeients. Hene in equation (29)
the spinor ψ may be desribed as bi-quaternion valued where all its omponents
i.e ψ0, ψ1, ψ2, ψ3 are omplex ones and the omplex quantity i =
√−1 ommutes
with all the quaternion basis elements e0 = 1, e1, e2, e3.Using equations (26-29)
we get the following two equations as
Eψa = mψa + iel.plψb;
Eψb = −mψa + iel.plψb (30)
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or
(E −m)ψa = iel.pl ψb;
(E +m)ψb = iel.plψa. (31)
As suh we may obtain the following types of four spinor amplitudes of Dira
spinors i.e.-
(i) One omponent spinor amplitudes-
ψ1 = (1 + e2.
iel pl
E+m) (Energy = +ive, spin =↑);
ψ2 = (1 + e2.
iel pl
E+m)e1 (Energy = +ive, spin =↓);
ψ3 = (e2 − iel plE+m ) (Energy = −ive, spin =↑);
ψ4 = (e2 − iel plE+m )e1 (Energy = −ive, spin =↓). (32)
(ii) Two omponent spinor amplitudes-
ψ1 =
(
1
iel pl
E+m
)
(Energy = +ive, spin =↑);
ψ2 =
(
1
iel pl
E+m
)
e1 (Energy = +ive, spin =↓);
ψ3 =
(
−iel pl
E+m
1
)
(Energy = −ive, spin =↑);
ψ4 =
(
−iel pl
E+m
1
)
e1 (Energy = −ive, spin =↓). (33)
(iii) Four omponent spinor amplitudes are obtained by restriting the di-
retion of propagation along Z−axis i.e px = Py = 0 (diretion of propagation)
and on substituting el = −iσland σ1 =
(
0 1
1 0
)
, σ2 =
(
0 −i
i 0
)
σ3 =(
1 0
0 −1
)
along with the usual denitions of spin up and spin down ampli-
tudes of spin i.e.
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ψ1 =

1
0
|~p|
E+m
0
 (Energy = +ive, spin =↑);
ψ2 =

0
1
0
− |~p|
E+m
 (Energy = +ive, spin =↓);
ψ3 =

− |~p|
E+m
0
1
0
 (Energy = −ive, spin =↑);
ψ4 =

0
|~p|
E+m
0
1
 (Energy = −ive, spin =↓). (34)
As suh we may obtain the solution of quaternion Dira equation in terms of
one omponent quaternion, two omponent omplex and four omponent real
spinor amplitudes. Equation (34) is same as obtained in the ase of usual Dira
equation. Thus we may interpret that the N = 1 quaternion spinor amplitude
is isomorphi to N = 2 omplex and N = 4real spinor amplitude solution
of Dira equation. We an aordingly interpret the minimum dimensional
representation for Dira equation is N = 1 in quaternioni ase, N = 2 in
omplex ase and N = 4 for real number eld.
4 Super-symmetrization of Quaternion Dira Equa-
tion
The quaternion free partile Dira equation given by equation (27) may now
be diretly written in following ovariant form,
i γµ ∂µψ(x, t) = mψ(x, t) (µ = 0, 1, 2, 3) (35)
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where we have dened the following representation of gamma matries in terms
of quaternion basis elements i.e.
γ0 = β =
[
1 0
0 −1
]
;
γl = βαl =
[
0 iel
−iel 0
]
(l = 1, 2, 3). (36)
along with the following properties assoiated therein i.e.
γµγν + γνγµ = −2gµν
gµν = (−1,+1,+1,+1)∀µ= ν = 0, 1, 2, 3
gµν = 0 ∀µ 6= ν. (37)
Let us disuss the super-symmetrization in following three ases.
Case I: For mass less free partile i.e.m = 0 and external potential Φ = 0;
Equation (35 )beomes
i γµ ∂µψ(x, t) = 0 (38)
Let us onsider the following solutions of this equation as
ψ(x, t) = ψ(x) ei (
−→p ·−→x−Et)
(39)
Thus equation(35) redues to
(γ0E − γ1p1 − γ2p2 − γ3p3) ψ(x) = 0 (40)
whih takes the following form
{[
1 0
0 −1
]
E − el
[
0 i
−i 0
]
pl
}{
ψa
ψb
}
= 0 (41)
where ψa = ψ0+e1ψ1and ψb = ψ2−e1ψ3. We thus obtain the following oupled
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equations
Âψa(x) = E ψb(x)
Â†ψb(x) = E ψa(x) (42)
where Â = Â† = iel p̂l . We an now deouple equation (42) as
Â Â†ψb(x) = E
2ψb(x)
Â†Â ψa(x) = E
2ψa(x) (43)
whih gives rise to a single supersymmetri deoupled equation as
P 2l ψa,b(x) = E
2ψa,b(x) (44)
where ψa(x) and ψb(x) are eigen funtions of partner Hamiltonians H− = Â
†Â
and H+ = Â Â
†
. The supersymmetri Hamiltonian is thus desribed as
Ĥ =
[
H+ 0
0 H−
]
=
[
P 2l 0
0 P 2l
]
= Hˆ2D (45)
where HˆD is the Dira Hamiltonian given by
HˆD =
∑3
l=1 αlpl =
[
0 ielpl
ielpl 0
]
(46)
and an be ompared with the Dira Hamiltonian given by Thaller [27℄ as
HˆD =
[
M+ Q
†
D
QD −M−
]
(47)
where we have obtained M+ = M− = 0 and QD = Q
†
D = i elpl along with the
following supersymmetri onditions
11
Q
†
D M− = M+Q
†
D ; QDM+ = M−QD. (48)
Restriting the propagation along x-axis to disuss the quantum mehanis in
two dimensional spae time, let us write
p̂l = −i d
dx
iel p̂l = e2
d
dx
Ĥ =
[
− d2
dx2
0
0 − d2
dx2
]
(49)
or
Ĥ =
[
Q̂Q̂† 0
0 Q̂†Q̂
]
(50)
where superharges are desribed in terms of quaternion units i.e.
Q̂ =
[
0 −e†2 ddx
0 0
]
Q̂† =
[
0 0
e2
d
dx
0
]
(51)
As suh we may obtain the supersymmetry algebra as
[
Q̂ , Ĥ
]
=
[
Q̂ , Ĥ†
]
= 0{
Q̂ , Q̂
}
=
{
Q̂
†
, Q̂
†
}
= 0{
Q̂ , Q̂
†
}
= Ĥ (52)
Here Q̂†, onverts the upper omponent spinor
{
ψa
0
}
to a lower one
{
0
ψb
}
and
similarly Q̂ onverts the lower omponent Spinor
{
0
ψb
}
to upper one
{
ψa
0
}
.
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If ψ to be an eigen state of H+(H−), Q̂ψ(Q̂
†ψ) is the eigen state of that of
H+(H−)with equal energy.
Case II- m 6= 0 but onstant and potential Φ = 0.
Corresponding Dira's equation (35) with its solution (39) for this ase is
desribed as
(γ0E − γ1p1 − γ2p2 − γ3p3 − m) ψ(x) = 0 (53)
Substituting γ0 and γl from equation (36) into equation (53) we get following
oupled(supersymmetri) equations
ielplψa = Âψa = (E +m)ψb
ielplψb = Â
†ψb = (E −m)ψa. (54)
whih leads to following sets of deoupled equations,
Â†ψb = (E −m)ψa
Â ψa = (E +m)ψb
Â†Â ψa = H−ψa = P
2
l ψa = (E
2 −m2 )ψa
Â Â†ψb = H−ψb = P
2
l ψb = (E
2 −m2 )ψb
P̂l
2
ψa,b = (E
2 −m2 )ψa,b (55)
whih are the Shrödinger equation for free partile.We may now write the
Shrödinger Hamiltonian and Shrödinger harges as
Ĥs =
[
P 2l 0
0 P 2l
]
; Q̂s =
[
0 ielpl
0 0
]
; Q̂s
†
=
[
0 0
ielpl 0
]
. (56)
where Ĥs, Q̂s and Q̂s
†
satisfy the SUSY algebra given by equation (52). Corre-
spondingly the Dira Hamiltonian is desribed as
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ĤD =
∑3
l=1 αlpl +m =
[
m ielpl
ielpl −m
]
(57)
where M+ = M− = m and Q̂D = Q̂D
†
= ielpl and hene Q̂D, Q̂D
†
,M+and
M−satisfy the SUSY algebra given by equation (52). Thus the SUSY Hamilto-
nian resembles with the square of Dira Hamiltonian desribed as
Ĥ = Ĥ2D = Ĥs +m
2 =
[
Q̂Q̂† 0
0 Q̂†Q̂
]
=
[
P̂l
2
+m2 0
0 P̂l
2
+m2
]
(58)
Similarly, we get the following relations while restriting ourselves for two di-
mensional struture of spae and time i.e.
Ĥ =
[
Q̂Q̂† 0
0 Q̂†Q̂
]
=
[
− d2
dx2
+m2 0
0 − d2
dx2
+m2
]
(59)
where
Q̂ =
[
0 −e†2 ddx +m
0 0
]
Q̂† =
[
0 0
−e†2 ddx +m 0
]
(60)
Hene we have restored the property of SUSY quantum mehanis and obtain
the ommutation and anti ommutation relations similar to that of equation
(52) for the free partile Dira equation with mass as well.
Case III-Mass m 6= 0 but not onstant and is spae-time dependent
i.e. m = m(x) and potential Φ = 0-
Let us disuss and verify the SUSY quantum mehanis for m 6= 0 i.e.
m = m(x) with salar potential Φ = 0. We extend the present theory in the
same manner and express Dira Hamiltonian in the following form;
ĤD =
[
0 ielpl − im
ielpl − im 0
]
(61)
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where M+ = M− = 0, Q̂D = ielpl + im, Q̂D
†
= ielpl − im and again
Q̂D, Q̂D
†
,M+and M−satisfy the SUSY algebra given by equation (52).Thus
operating Dira Hamiltonian given by equation (61) on the Dira Spinor in the
manner ĤDψ = Eψwe get the following oupled (supersymmetri) dierential
equations i.e.
(ielpl + im)ψa = Â
†ψa = Eψb,
(ielpl − im)ψb = Âψb = Eψa, (62)
where Â† = (ielpl + im) and Â = (ielpl − im) and hene we get the following
form of Shrödinger Hamiltonian i.e.
ĤS =
[
(ielpl − im)(ielpl + im) 0
0 (ielpl − im)(ielpl − im)
]
= ĤD
2
(63)
whih may be written as
ĤS =
[
Q̂sQ̂
†
S 0
0 Q̂S
†
Q̂S
]
= ĤD
2
(64)
with the following representation of super harges,
Q̂s =
[
0 (ielpl − im)
0 0
]
Q̂S
†
=
[
0 0
(ielpl + im) 0
]
. (65)
Equations((54) to(65)) satisfy the supersymmetri quantum mehanial rela-
tions given by equation (47) and as suh the supersymmetry.
Case IV- Dira equation in Eletromagneti Field- Before writing the
quaternion Dira equation in generalized eletromagneti elds of dyons let us
start with the quaternion gauge transformations. A Q−eld (1) is desribed in
terms of following SO(4) loal gauge transformations[6, 9℄;
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φ → φ′ = U φ V¯ U, V εQ , U U¯ = V V = 1 (66)
The ovariant derivative for this is then written in terms of two gauge potentials
as
Dµφ = ∂µφ+Aµφ− φBµ (67)
where potential transforms as
A
′
µ = U AµU¯ + U ∂µU¯
B
′
µ = V BµV¯ + V ∂µV¯ (68)
and
φ¯′φ′ = (UφV¯ )((UφV¯ ) = φ¯φ = φ20 +
∣∣∣~φ∣∣∣2 (69)
Here we identify the non Abelian gauge elds Aµand Bµas the gauge poten-
tials respetively for eletri and magneti harges of dyons [10, 12, 22, 23℄.
Corresponding eld momentum of equation (67) may also be written as follows
Pµφ = pµφ+Aµφ− φBµ (70)
where the gauge group SO(4) = SU(2)e × SU(2)g is onstruted in terms of
quaternion units of eletri and magneti gauges .Aordingly, the ovariant
derivative thus desribes two dierent gauge eld strengths i.e.
[Dµ, Dυ]φ = fµνφ− φhµν
fµν = Aµ,ν −Aν,µ + [Aµ, Aν ]
hµν = Bµ,ν −Bν,µ + [Bµ, Bν ] (71)
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where fµν and hµν are gauge eld strengths assoiated with eletri and mag-
neti harges of dyons respetively.We may now write the Dira equation (34)
as
i γµ Dµψ(x, t) = mψ(x, t). (72)
Following some restritions and using the properties of quaternions we may write
the Dira equation (72) as
[
m iel(pl +Al)
−iel(pl +Al) −m
][
ψa
ψb
]
+
[
ψa
ψb
][
0 −ielBl
ielBl 0
]
= (E−A0+B0)
[
ψa
ψb
]
(73)
where ϕa = ϕ0 + e1ϕand ϕb = ϕ2− e1ϕ3. As suh we obtain the following set of
oupled equations responsible for the supersymmetri realization of the theory
i.e.
Eψa = (m+A0 −B0)ψa + iel(pl +Al)ψb − iψbelBl ;
Eψb = (−m+ A0 −B0)ψb − iel(pl +Al)ψa + iψaelBl ;
iel(pl +Al)ψb − iψbelBl = (E −A0 +B0 −m)ψa
−iel(pl +Al)ψa + iψaelBl = (E −A0 +B0 +m)ψb
Â†ψb = (E −m−A0 +B0)ψa = iel(pl +Al)ψb − iψbelBl
Â ψa = (E +m−A0 +B0)ψb = −iel(pl +Al)ψa + iψaelBl
Â†Â ψa = (E
2 −m2 )ψa
Â Â†ψb = (E
2 −m2 )ψb (74)
where we have restrited ourselves to the ase of two dimensional supersymmetry
by imposing the ondition A
†
1 = −A1, A†2 = −A2, A†3 = −A3, B†1 = −B1, B†2 =
−B2, B†3 = −B3 along with other subsidary onditions to restore the super-
symmetry. As suh, it is possible to supersymmetrize the Dira equation for
generalized eletromagneti elds of dyons and we may obtain the ommutation
and anti ommutation relations given by equation(47) to verify the supersym-
metri quantum mehanis in this ase.
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